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Introduction

The guiding-center model

We plan to simulate the guiding-center model through a Discontinuous @Galerk
discretization.

The transport equation

of .
ot + divy, % (Ef) =0

for (t,x1,X2) € [0, +00[x]0, 27] X [0, 27], with periodic boundary conditions.

The electric field
The electric field is given b = —Vy, x, @, ® being the potential given by

—Ayy @ =T,

with periodic boundary conditions.
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Linear advection

The first steps towards the goal are the solution and testing of the linesctamv
problems:

The 1D linear advection

g
ot ox

with periodic boundary conditions.

The 2D linear advection

I adl a9
at " tox M

with periodic boundary conditions.
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Landau damping

A good benchmark for the 2D linear advection is the simulation of the Landau
damping, which requires the coupling of the transport equation

of of of
o Vax TER O

to the Poisson equation for the computation of the force field

——:1 /fdv

where the border conditions are taken periodic for both the transpaatioq and the
Poisson equation.
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Nonlinear advection

The next steps are the solution and testing of the nonlinear advectionpoble

The 1D nonlinear advection

of  o(af)
ot OX
with periodic boundary conditions.

:07

The 2D nonlinear advection
of | O(af) | O(af)
ot fo)el o))
with periodic boundary conditions.

=0
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Discretization

Partition of the computational domain

The computational domai? = [0, 1] is partitioned intaN cells of sizeAx:

N-1
Q= U li, li = [Xi—1/2, Xit1/2]-
i=0

Discontinuous Galerkin space

Let V¢ the discontinuous finite elements space:

Ve = {w e L2(Q): ¢ e RgX|(1), i=0,..,N— 1} .
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Choice of the basis

Lagrange polynomials
We choose to use the Lagrange polynomials at the GauR points as basis.

15 7

g . P . L . .
X120, %01 X0,2%1/2%1,0 X11 X1,2%312X2,0 X1 X2,2%5/2
X1
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Choice of the basis

The Gaufl? points on the interviat 1, 1]

The GauR point§ar }°_, and the GauR weightgu }¥_, are quadrature points
determined by imposing

1 d
/df(x)dx =3 wif(an)

for all polynomialsf € Rog11[X].

Distributing the Gaul points

We can now introduce the notatiary for thej-th Gauf? point inside the intervh|
more precisely

AX
Xij=X_1/2 -+ TCMJ'.
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Choice of the basis

Orthogonality of the basis
As the Lagrange polynomials at the Gaul3 points are defined by

d

X — X
ei= 11 X — %1
I=ol

it is easy to check that

d
AX AX
/wi,h(x)s@i,iz(x) =5 >~ wipijy ()i, () = = Winliziz:

li r=0

Notation for the future

We shall denote by@'}L, and{a; }{_, the Lagrange polynomials and the GauR
points on the intervel, 1].

v
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Characteristics-based method

Starting point
Testf™! over the interval;:
Xi41/2
/ "1 (x) o (x)dx
Xi—1/2

use the solution given by the characteristics
Xiy1/2 Xigy1/2
/ " (x)p(X)dx = / f(x — aAt)p(x)dx
Xi—1/2 Xi—1/2

change variables — x — aAt

X 4172 —aAt

/ e () p(x)dx = / f"(x)o(x 4 aAt)dx.
) %

Xi—1/2 _1/2—aAt
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Characteristics-based method

Representation df(x)

N—-1 d

The representation dfin the DG basis i$(x) ~ » > fi jri
i’=0j'=0

Developing the scheme
Inject the representation 6¢x) into the scheme
Xi+1/2 hl % y1/2—aAt N
/ " (X p(x)dx = / f"(X)(x + aAt)dx and test onp; j(X):
Xi—1/2 % _1/2—alt
xi+1/2—aAt

AX
fn+l wj = Zf / Pirjr (X)Soi,j (X+ aAt)

X_1/2—aAt
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Treating the right hand side

Xi- -1/2 |+1/2

|1/2 /11/2 /

X t1/2—aAt

oir jr (X)pij (X + @AL)

1/
X +1/2+o<Ax

L
N A i s (i (X + aAt)
/

* 1/2+O¢AX

X% 41/2 X% 1/ AX
v (X piy (X + D) + / v ()i (x + aAY)
* 1/2+an Xi* 41/2
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Changing variables

We change variables (and divide I%l) in order to reduce to integrating ¢0, 1J:

n+1 1 n ! ~j’ ~
it = ;J_Zfi*,j/(l—a)/ e+ U1 - )P (UL - o)
i’ u=

1 r o, )
—+ ; E flrl +17j/a/ @J (au)(ﬁj(a(u — 1) —+ 1)du
(- u=0
J

Gaul’ quadrature
Finally we integrate using the Gauf3 quadrature:

d
o wi] Y- S wrd (@t a1 - a)@ (G (1 - a))
j’ r=0

d
1 NN ~
+ o E i E wr @ (ad)@ (ald@r — 1) +1).
/B
j’ r=0
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Order in space

error (in log-scale)
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Order in time

error (in log-scale)
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Discretization

Partition of the computational domain

The computational domaifil = [0, 1] x [0, 1] is partitioned intd\,, x Ny, cells of
Size Axy X AXy:

Q= U li % J, li = [(X)i—1/2, (X1)i+1/2], I = [(%2)k—1/2, (X2)ks1/2]-
ik

Discontinuous Galerkin space

Let V? be the discontinuous finite elements space as tensor product of the space
each variable:

ve= {V € L2(Q) : V(x1, %) = o(x)¥ (%), ¢ € Ra[X](li), ¢ € Rd[X](Jk)} ~

v
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Discretization

Time discretization

Instead of solving the true 2D problem, we split {xg, x2)-domain into advection
alongx; and advection along using Strang splitting:

X~ &
2 0.5At

At

0.5At
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Landau damping

A 2D linear advection
of of of

is coupled to a Poisson equation for the computation of the electric field:
OE

&*P
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Landau damping

Integration of the Poisson equation
Use Green kernel for the Poisson equation to obtain

/yp )dy — / dy+f—x

Inject the representations B{(x) ~ >, ; Eijij(x) andp(x) = 3=, ; pijeij(X), use
orthogonality of the basis, the same changes of variables as befoqmad[hture
formulae to get

d
AX AX - St~ -
Ej =~ 12 Koy piryy — 5 (L= 85) D pigy D wor (@ +Ge(1 - Gp))
i,y i’ r=0

N—1

AXl Z ij o J/+

i’=i+1j’=0
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Landau damping

Period and decay
2
2

Set the problenfo(x,v) = \/%e‘ (14 acogkx)).
[k ] o=0.001 (inear) | o = 0.5 (nonlinear) |

0.2 || £1.07154+ 6.81267x 10 °i | +1.09402— 0.00107607
(£1.0640— 5.51 x 107%)

0.3 || £1.16209— 0.0124224 +1.30507— 0.128511
(+1.1598— 0.0128)

0.4 || +1.28645— 0.0659432 +1.3581— 0.205133
(1.2850— 0.0661)

05 || +£1.41696— 0.152849 147343~ 0.279512

(+£1.4156— 0.1533)

Table: 1D Landau damping. The decay rate and period of the oscillations of the
electric field in the Landau damping problem. Hatdes 4, Ny x Ny, = 30 x 30.
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Landau damping

Nonlinear Landau damping

discrete electric energy

Al \fr el W
I, Ihi r”Mw'w ”H‘

(KOS

0.001

0.0001

1606
o
time

conservation of mass and norms

005 sy
[

variation (ratio)
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Bump-On-Tall

542 e 2v=45%(1 1 0,03 c00.3x)) as initial
3 10v/2r 10v2r
condition, we expect to observe some vortices.

By usingfo(X, v) =

attimeo attime 10

attime 20 attime 30

attime 40 attme 400

electic anergy
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Characteristics-based method

The strategy follows that of the 1D linear advection.

Starting point
Testf"*! over the interval;:
Xi41/2
/ £ (%) p(X)dx
Xi—1/2
use the solution given by the characteristics
Xi+1/2 Xi+1/2
[ emo= [ @ e 009 e

X—1/2 %i—1/2

change variables — X (t"; "%, x)
2 x4 1)0)

/Xi+1/2 £, ) () — / £(1", X)o(X (1" 1", X)) dx.

%_1/2 X (L /5)
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Characteristics-based method

Developing the scheme

Inject the representation 6fx) into the scheme and test ¢n;(x):

Xi+1/2 25X 4 0)
/ f(t n+1 X)¢1 (X)X = Zf / (pizyj/(X)Lpi’j(X(t”—o—l;t”,X))dX.
X—1/2 X (L X1 0)

Some notations

Letisart = istart(i), astart = astart(i) € [0, 1] andisart = ienal(i),
aend = aend(i) € [0, 1] such that

) Xj- -1/2 |+1/2 ,
- / \ :
Ostart
X
istart —1/2 X'end ~1/2
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Characteristics-based method

Treating the right hand side
The integral is decomposed into three pieces:

f{jﬁlw, > = > iy /

i Xigart —1/27+ Ostart AX

fend—1 %11 41/2 il
+Zf./, > [ e )

i/ =igan+1" %" ~1/2

Yigtart +1/2
i jr (X) i (X (117, %)) dx

Xigng —1/2T Ctend AX
+Zfi9,i'/ ir i (Qepi i (X (517, %)) dx.

Xigng—1/2
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Characteristics-based method

The scheme

By changing variables to reduce to integrating[@yl] and using GauR3 quadrature
(the same strategy as before) we are led to

d

= — Z flsan i’ aslart) Z UJrQZ’j/ (Oéstart + dr(l - Oésxart))

r=0

gl

X j(?‘f(t”“'t Xistart—1/2 + (asat + ar(1 — asat) ) AX))
1 iend—1 }
+ Z qu' Zwrga Oér <p|] X(tn+1;tn7xi//_1/2+arAX))
“i i =igart+1j’=0
1 d d ,
=D e Y wrd (el )i (X (T X 172 + Qenalr AX)),
i
j’=0 r=0

v
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Characteristics-based method

Case of compression
In case a compression should happen

Xi=1/2 Xis1/2

+
a a,
I start end

X . =
it 1127 Xj g -1/2

then the formula reduces to just one integral:

d d
1 i’ -
filjjJrl = - E fizan,j/(Oéend - Oés(an) E wrSDJ ((Oéend - Olstan)ar + Otslan)
j’=0 r=0

X1 (XA X172 + AX((Qend — Qstart)Gr + Qitart)))-
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Characteristics-based method

Solving the characteristics

In order to write the scheme, we still need to solve the characteristics, drothrd
and backward. In order to do this, we shall use an explicit formula if waslable,
otherwise Runge-Kutta methods of order 1 to 4.
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Benchmark test

We take as test case .
of  ad(sin(x)f)

z =0
ot + OX ’
which has explicit characteristics and solution:
. o § S—t X+
X(st,x) = 2arctan(tan(2) € ) +2n { . J
ft,x) = 1 1 ot
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Benchmark test

Order in space

L.error (i log:scale)

LZ.error (i log-scale)

LZ-error in log-scale)

1D nonlinear advection
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Benchmark test

Order in time

LLerror
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Splitting strategy

As well as the 1D linear advection solver could be exploited to solve 2D linear
advection through Strang splitting, the 2D nonlinear advection can be dojved
splitting the(xa, x2)-space.



Work in progress

The main problem which is still work in progress is the solution of the poterdral f
the guiding-center problem, namely solving

Ay ® =1

The strategy which we are following consists in switching to the Fourierespac
solving the electric field there and anti-transform to obtain it in(thex;)-space.
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